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Subnormal n-roots of quasinormal operators are quasinormal
Pawe l Pietrzycki
Abstract. In a recent paper [5], Curto, R. E., Lee, S. H., Yoon, J. asked
the following question: Let T be a subnormal operator, and assume that T 2
is quasinormal. Does it follow that T is quasinormal? In this paper, we give
an affirmative answer to this question.
1. Introduction
The class of bounded quasinormal operators was introduced by A. Brown in [2].
A bounded operator A on a (complex) Hilbert space H is said to be quasinormal if
A(A∗A) = (A∗A)A. Two different definitions of unbounded quasinormal operators
appeared independently in [11] and in [18]. As recently shown in [9, Theorem 3.1],
these two definitions are equivalent. Following [18, 154 pp.], we say that a closed
densely defined operator A in H is quasinormal if A commutes with the spectral
measureE of |A|, i.e. E(σ)A ⊂ AE(σ) for all Borel subsets σ of the nonnegative part
of the real line. By [18, Proposition 1], a closed densely defined operator A in H is
quasinormal if and only if U |A| ⊂ |A|U , where A = U |A| is the polar decomposition
of A (see [21, Theorem 7.20]). For more information on quasinormal operators we
refer the reader to [2, 4, 19] for the bounded case, and to [11, 18, 14, 9, 3, 19]
for the unbounded one.
In 1973 M. R. Embry published a very influential paper [6] concerning the
Halmos-Bram criterion for subnormality. In particular, she gave a characterisation
of the class of quasinormal operators in terms of powers of operators. Namely, a
bounded operator A in a Hilbert space is quasinormal if and only if the following
condition holds
(1.1) A∗nAn = (A∗A)n, n ∈ N,
where N stands for the set of all positive integers. This leads to the following
question: is it necessary to assume that the equality in (1.1) holds for all n ∈ N?
To be more precise we ask for which subset S ⊂ N the following system of operator
equations:
(1.2) A∗sAs = (A∗A)s, s ∈ S,
implies the quasinormality of A.
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In [19], M. Uchiyama proved that if bounded operator A in Hilbert space is
compact (in particular, if the Hilbert space is finite dimensional) or subnormal then
the single equality
(1.3) A∗nAn = (A∗A)n
for n > 2 implies quasinormality of A. He also proved that, if one of the following
conditions holds
(i) A is a hyponormal operator and satisfies (1.2) with S = {n, n+1}, where
n ∈ N is fixed,
(ii) A is an operator in separable Hilbert space that satisfies (1.2) with S =
{k, k + 1, l, l+ 1}, where k, l ∈ N are fixed and k < l,
then A is quasinormal.
In [16], the author proved that an operator A is quasinormal if and only if it
satisfies (1.2) with S = {p,m,m+ p, n, n+ p} for some p,m, n ∈ N (see Theorem
[16, Theorem 3.11]). This theorem generalises a characterisation of quasinormality
of bounded operators given in [19, Theorem 2.1] and [10, Proposition 13]. The
proof of this characterisation makes use of the Davis-Choi-Jensen inequality (see
Theorem 2.3) and the theory of operator convex functions.
In a recent paper [5], Curto, R. E., Lee, S. H., Yoon, J. asked the following
question:
Problem 1.1. (see [5, Problem 1.1]) Let T be a subnormal operator, and as-
sume that T 2 is quasinormal. Does it follow that T is quasinormal?
In this paper, we give an affirmative answer to this question.
2. Preliminaries
All Hilbert spaces considered in this paper are assumed to be complex. Let A
be a linear operator in a complex Hilbert space H. Denote by A∗ the adjoint of A.
We write B(H) and B+(H), for the C∗-algebra of all bounded operators and the
cone of all positive operators in H, respectively. We say that A ∈ B(H) is
• projection if A = A∗ and A = A2,
• selfadjoint if A = A∗,
• normal if A∗A = AA∗,
• quasinormal if A(A∗A) = (A∗A)A,
• subnormal if it is (unitarily equivalent to) the restriction of a normal
operator to its invariant subspace.
The following fact follows from the spectral theorem [17, Theorem 12.12] and
plays an important role in our further investigations.
Theorem 2.1. If n ∈ N, then the commutants of a positive operator and it’s
n-th root coincide.
Let I ⊂ R be an interval (which may be open, half-open, or closed; finite or
infinite) and f : I → R be a bounded borel function. A function f is said to be
• operator monotone if f(A) 6 f(B) for any two selfadjoint operators
A,B ∈ B(H) such that A 6 B and σ(A), σ(B) ⊂ I,
• operator convex if for every pair of selfadjoint operators A,B ∈ B(H)
such that σ(A), σ(B) ⊂ I,
f(tA+ (1 − t)B) 6 tf(A) + (1− t)f(B), t ∈ [0, 1].
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In 1934 K. Lo¨wner [13] proved that a function defined on an open interval
is operator monotone if and only if it allows an analytic continuation into the
complex upper half-plane that is an analytic continuation to a Pick function. The
class of operator monotone functions is an important class of real-valued functions
and it has various applications in other branches of mathematics. This concept is
closely related to operator convex functions which was introduced by F. Kraus in
[12]. The operator monotone functions and operator convex functions have very
important properties, namely, they admit integral representations with respect to
suitable Borel measures. In particular, a continuous function f : [0,∞) → R is
operator monotone if and only if there is a finite Borel measure µ on [0,∞) such
that
∫∞
0
1
1+λ2
dµ(λ) <∞ and
(2.1) f(t) = α+ βt+
∫ ∞
0
( 1
λ− t −
λ
1 + λ2
)
dµ(λ),
where α ∈ R i β > 0. By the Bendat-Sherman formula (see [1, Corollary 2]) an
operator convex function f : (−1, 1)→ R admits an integral representation of the
form
(2.2) f(t) = α+ βt+
∫ 1
−1
t2
1− tλdµ(λ),
where α > 0 and µ is a positive measure. Below, we give an example of a function
which is operator monotone.
Example 2.2. The function f : [0,∞) ∋ x→ xp ∈ R for p ∈ (0, 1) is operator
monotone and has an integral representation
xp =
sin ppi
pi
∫ ∞
0
xλp−1
x+ λ
dµ(λ), x ∈ [0,∞).
The fact that function from Example 2.2 is operator monotone is known as the
Lo¨wner-Heinz inequality.
Theorem 2.3 (Lo¨wner-Heinz inequality [8, 13]). If A,B ∈ B+(H) are such
that B 6 A and p ∈ [0, 1], then Bp 6 Ap.
The other two inequalities related to operator monotone and convex functions
needed in this paper are the Hansen inequality and the Davis-Choi-Jensen inequal-
ity. The first of them was established in [7] by F. Hansen. In [19, Lemma 2.2 ] M.
Uchiyama gave a necessary and sufficient condition for the equality in the Hansen
inequality and use it to show that (1.2) with S = {k, k + 1, l, l + 1} implies quasi-
normality of A in a separable Hilbert space. The key ingredient of its proof is the
integral representation of operator monotone functions given in (2.1).
Theorem 2.4 (Hansen inequality [7, 19]). Let A ∈ B+(H), P be a non trivial
projection and f : [0,∞) → R be an operator monotone function with f(0) > 0.
Then we have
Pf(A)P > f(PAP ).
Moreover the equality holds, only in the case of PA = AP and f(0) = 0, if f is not
a linear function.
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3. Main result
Theorem 3.1. If A is a subnormal operator on H and there exist n ∈ N such
that An is quasinormal, then A is quasinormal .
Proof. Let N be a normal operator on H⊕K such that Nh = Ah, h ∈ H, B
and C be operators such that
(3.1) N =
[
A B
0 C
]
and P be the projection from H⊕K onto H:
(3.2) P =
[
IH 0
0 0
]
.
Note that
(3.3) P (N∗N)kP = PN∗kNkP =
[
A∗kAk 0
0 0
]
for every k ∈ N. Since An is quasinormal then by (1.1)
(3.4) (An)∗k(An)k = [(An)∗(An)]k, k ∈ N.
Combining (3.3) with (3.4), we have
(3.5) P (N∗N)nP =
[
A∗nAn 0
0 0
]
=
[
(A∗2nA2n)
1
2 0
0 0
]
= (P (N∗N)2nP )
1
2 .
Let f : (0,∞)→ R be a function given by f(x) = √x. Therefore (3.5) implies that
Pf((N∗N)2n)P = f(P (N∗N)2nP ).
We conclude from Theorem 2.4 that (N∗N)2n commutes with P . By Theorem (2.1)
N∗N commutes with P . This in turn impies that[
A∗kAk 0
0 0
]
= P (N∗N)kP = (P (N∗N)P )k =
[
(A∗A)k 0
0 0
]
for all k ∈ N. Hence A∗kAk = (A∗A)k. This and [16, Theorem 3.11] implies that
A is quasinormal.
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